This paper investigates the pricing of European-style lookback options when the price dynamics of the underlying risky asset are assumed to follow a Markov-modulated Geometric Brownian motion; that is, the appreciation rate and the volatility of the underlying risky asset depend on unobservable states of the economy described by a continuous-time hidden Markov chain process. We derive an exact, explicit and closed-form solution for European-style lookback options in a two-state regime switching model.
Introduction
Option pricing is an important field of research in financial economics from both a theoretical and practical point of view. The pioneering work of Black and Scholes (1973) and Merton (1973) laid the foundations of the field and stimulated important research in option pricing theory, its mathematical models and its computational techniques. The Black-Scholes-Merton formula has been widely adopted by traders, analysts and investors. Despite its popularity the Black-Scholes-Merton formula has been documented in many studies in empirical finance that the Geometric Brownian Motion (GBM) assumed in the Black-Scholes-Merton model does not provide a realistic description for the behavior of asset price dynamics. During the past few decades many extensions to the Black-Scholes-Merton model have been introduced in the literature to provide more realistic descriptions for asset price dynamics. In particular, many models have been introduced to explain the empirical behavior of the implied volatility smile and smirk. Such models include the stochastic volatility models, jump-diffusion models and models driven by Lévy process.
Recently, there has been considerable interest in applications of regime switching models driven by a Markov chain to various financial problems. For an overview of Markov chains, see
Asset Price Dynamics
Consider a complete probability space (Ω, F , P), where P is a real-world probability measure. Let T denote the time index set [0, T ] of the model. Write {W t } t∈T for a standard Brownian motion on (Ω, F , P). Suppose the states of an economy are modelled by a finite state continuous-time Markov chain {X t } t∈T on (Ω, F , P). Without loss of generality, we can identify the state space of {X t } t∈T with a finite set of unit vectors X := {e 1 , e 2 , . . . , e N }, where e i = (0, . . . , 1, . . . , 0) ∈ R N . We suppose that {X t } t∈T and {W t } t∈T are independent.
Let A be the generator [a ij ] i,j=1,2,...,N of the Markov chain process. From Elliott et al. (1994) , we have the following semi-martingale representation theorem for {X t } t∈T :
where {M t } t∈T is an R N -valued martingale increment process with respect to the filtration generated by {X t } t∈T .
We consider a financial model with two primary traded assets, namely a money market account B and a risky asset or stock S. Suppose the market is frictionless; the borrowing and lending interest rates are the same; the investors are price-takers.
The instantaneous market interest rate {r(t, X t )} t∈T of the bank account is given by:
where r := (r 1 , r 2 , . . . , r N ) with r i > 0 for each i = 1, 2, . . . , N and < ·, · > denotes the inner product in R N . In this case, the dynamics of the price process {B t } t∈T for the bank account are described by:
Suppose the stock appreciation rate {µ t } t∈T and the volatility {σ t } t∈T of S depend on {X t } t∈T and are described by:
where µ := (µ 1 , µ 2 , . . . , µ N ), σ := (σ 1 , σ 2 , . . . , σ N ) with σ i > 0 for each i = 1, 2, . . . , N and < ·, · > denotes the inner product in R N . We assume that the price dynamics of the underlying risky asset S are governed by the Markov-modulated Geometric Brownian motion : For each t ∈ T , let θ t denote a G(t)-measurable random variable, which represents a regimeswitching Esscher parameter and is defined by:
where θ := (θ 1 , θ 2 , . . . , θ N ) ′ ∈ ℜ N and θ i , i = 1, 2, . . . , N ∈ (−∞, ∞).
represents expectation under P.
Then, applying Itô's differentiation rule on e (θ·W )(t) and conditioning on F X (t),
So, the Novikov condition is satisfied and Λ θ is a (G, P)-martingale. Hence,
Now, we define the regime-switching Esscher transform Q θ ∼ P on G(T ) associated with a time-indexed family of Esscher parameters θ := {θ t |t ∈ T } by setting:
5)
Supposeθ := {θ t |t ∈ T } denotes a time-indexed family of risk-neutral regime-switching Esscher parameters. LetS := {S t |t ∈ T } denote the discounted price of the risky share such that S t := e − t 0 rudu S t , for each t ∈ T . Then, the martingale condition is given by considering an enlarged filtration as follows:
where Eθ[·] denotes expectation with respect to Qθ. By setting u = 0,
, for each t ∈ T . Then, E(t) is an almost surely constant random variable taking value S 0 almost surely under the measure P (i.e., P(E(t) = S 0 ) = 1, for each t ∈ T ). When there is no regime switching, the condition (3.7) coincides with the one presented in Gerber and Shiu (1994) .
It has been shown in Elliott et al. (2005) that the martingale condition (3.7) is satisfied if and only ifθ satisfies
is satisfied. So, Λθ is a (G, P)-martingale, and
Then, the risk-neutral regime-switching Esscher transform Qθ is defined by setting:
Then, using Girsanov's theorem,
is a standard Brownian motion with respect to G under Qθ.
We suppose thatW and X are independent under Qθ. Then, the probability law of the chain X is invariant under the measure change.
The price dynamics of the underlying risky share under Qθ are governed by
WriteG(t) for the σ-field F W (t) ∨ F X (T ), for each t ∈ T . Then, givenG(t), a conditional price of the option V is:
Given S t = s and X(t) = x, a price of the option V is: 
with terminal condition: 15) and V i (i = 1, 2, . . . , N) satisfy the following system of PDEs: 
Lookback Option
In this section, we now turn to the pricing of lookback options in a regime switching model. We shall adopt the risk-neutral price dynamics of the risky stock under Qθ specified in the last section to evaluate the price of lookback options. In particular, we consider a floating strike lookback option under a regime switching model. The payoff of this option is the difference between the maximum asset price over the time between initiation and expiration and the asset price at expiration. The maximum of the asset price up to time t is denoted by
Then the payoff of the lookback option at expiration time T is
Given S t = s, Y (t) = y and X(t) = x, a price of the lookback option V is:
Applying the Feynman-Kac formula to the above equation, then V (t, s, y, x) satisfies the system of partial differential equations (PDEs) Consequently, if X(t) := e i (i = 1, 2, . . . , N),
and V i (i = 1, 2, . . . , N) satisfy the following system of PDEs:
with the boundary conditions:
∂V ∂y (t, y, y, e i ) = 0, 0 ≤ t ≤ T, y > 0, i = 1, 2, . . . , N.
(4.10)
A closed-form formula
In this section, we restrict ourselves to a special case with the number of regimes N being 2 in order to simplify our discussion. By means of the homotopy analysis method, we derive a closed-form solution for a floating strike lookback option under a regime switching model. The payoff of the floating strike lookback option has a linear homogeneous property: 
where
Following the same line as Leung (2013) , the homotopy analysis method is adopted to solve U i (t, z), i = 1, 2 from equations (5.13) and (5.15 ).
Now we introduce an embedding parameter p ∈ [0, 1] and construct unknown functions U i (t, z, p), i = 1, 2 that satisfy the following differential systems: Here L i , i = 1, 2 is a differential operator defined as
and A i , i = 1, 2 are functionals defined as
With p = 1, we have
Comparing with (5.13) and (5.15), it is obvious thatŪ i (t, z, 1), i = 1, 2 are equal to our searched solutions U i (t, z), i = 1, 2.
Now we set p = 0, the equations (5.17) and (5.18) become z) is known as the initial guess of U i (t, z). Following the same line as Leung (2013) ,Ū 0 i (t, z) is chosen as the solution of the following PDEs: Note that sŪ 0 1 (t, z) is the price of the floating strike lookback put option under the Black-Scholes-Merton model. Its explicit, closed-form formula is given in Goldman, et al. (1979) : 5.30) and N(.) is the cumulative standard normal distribution
To find the values ofŪ i (t, z, 1), i = 1, 2, we can expand the functionsŪ i (t, z, p) as a Taylor's series expansion of p
To findŪ m 1 (t, z) andŪ m 2 (t, z) in equation (5.32), we put (5.32) into (5.17) and (5.18) respectively and obtain the following recursive relations:
We introduce the following transformations:
We can rewrite equations (5.34) and (5.35) in the form of standard nonhomogeneous diffusion equations
The system of PDEs (5.38) and (5.39) has a well-known closed-form solution respectively: 6 Fixed strike lookback options
The payoff of a fixed strike lookback option does not have a linear homogeneous property. Consequently, the dimension of the corresponding PDEs cannot be reduced. However, a model independent put-call parity for lookback options, proposed by Wong and Kwok (2003) may be used to price a fixed strike lookback option. Denote a fixed strike lookback call by C f ix (t, s, y, K, x), then the put-call parity is given by C f ix (t, s, y, K, x) = V (t, s, y, x) + Ke −rt(T −t) . (6.44)
Conclusion
We consider the pricing of the floating strike lookback option in a two-state regime switching model. The closed-form analytical pricing formulas for the floating strike lookback option is derived by the means of the homotopy analysis method.
